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We present an analytical description of the large-amplitude stationary oscillations of the finite
discrete system of harmonically-coupled pendulums without any restrictions to their amplitudes
(excluding a vicinity of pi). Although this model has numerous applications in different fields of
physics it was studied earlier in the infinite limit only. The developed approach allows to find
the dispersion relations for arbitrary amplitudes of the nonlinear normal modes. We underline
that the long-wavelength approximation, which is described by well- known sine-Gordon equation
leads to inadequate zone structure for the amplitude order of pi/2 even if the chain is long enough.
The extremely complex zone structure at the large amplitudes corresponds to lot of resonances
between nonlinear normal modes even with strongly different wave numbers. Due to complexity of
the dispersion relations the more short wavelength modes can possess the smaller frequencies. The
numerical simulation of the dynamics of the finite-length chain is in a good agreement with obtained
analytical predictions.
PACS numbers: 63.20.D, 63.20.Ry, 63.22.-m, 05.45.-a
INTRODUCTION
The wide class of physical models, the most known of
which is the Frenkel-Kontorova (FK) one[1, 2] is based on
the dynamics of the pendulum. The physical applications
of the FK model comprise the theory of dislocations [1]
and the problem of self-interstitial defects /crowdions/
in the crystal lattices [3], in the problem of adsorption
of a sub-monolayer films of atoms on a crystal surface
[4],the theory of Josephson junctions [5], the theory of
the proton conductivity of hydrogen-bonded chains [6],
in the description of the dynamics of planar defects such
as twin boundaries [7] and domain walls in ferroelectrics
[8], and ferro- or antiferromagnetics [9], certain biological
processes like the DNA dynamics and denaturation [10]
(more references may be found in [2]). The common pe-
culiarity of the mentioned models is the presence of the
periodic on-site potential, while the inter-particle interac-
tion can be described by potentials with a nonlinearity of
different types. The lucky star of the Frenkel-Kontorova
model is the existence of the integrable continuum limit
of the respective equation of motion (sin-Gordon equa-
tion). Due to full integrability of the latter its spectra
of the nonlinear periodic and localized excitations have
been studied in detail [11]. The continuum limit of the
discrete model with the nonlinear periodic inter-atomic
interaction leads to the same sine-Gordon equation with
understandable restrictions to the wavelengths (account-
ing the discreteness effects in the framework of approach
introducing by Rosenau [12] leads to improving the long-
wavelength approximation only). Periodic interatomic
potentials arise, in particular, while dealing with mag-
netic systems, unzipping the DNA molecule and oscilla-
tions of the flexi-chain polymers (see, e.g. [13–15], where
the existence of the highly localized soliton-like solution
has been proved). The main goal of this Letter is the
study of nonlinear normal modes (NNMs) of harmoni-
cally coupled finite lattice in the wide range of the oscil-
lation amplitudes and wavelengths. We propose a new
semi-inverse asymptotic approach, which was success-
fully verified for two coupled pendulums in [16]. This
approach has allowed to reveal the extremely complex
zone structure at the large amplitudes that leads to lot
of resonances between NNMs with strongly different wave
numbers.
THE MODEL
We consider a finite chain of the coupled particles
with periodic on-site and inter-particle potentials; each
of them is described by the harmonic function with, gen-
erally speaking, different periods. This system will be
referred as Sine-Lattice (SL) in contrast to the classic
FK system. Keeping in mind the coincidence of the
mathematical descriptions we will discuss all results in
the terms of coupled pendulums. The periodic boundary
conditions are the most appropriate for the analysis of
the chain dynamics. The energy of such system may be
written as follows:
H =
N∑
j=1
[1
2
(
dqj
dt
)2
+
β
α2
(1− cos (α(qj+1 − qj)))
+ (1− cos qj)
]
; j = 1, . . . , N
(1)
where qj is the deviation of the j−th pendulum, while
β and α are the parameters, which specify the rigidity
2and the period of inter-pendulum coupling. According to
the periodic boundary conditions we assume that qN+1 =
q1 and q0 = qN .
The respective equations of motion can be written as
follows
d2qj
dt2
+
β
α
(
sin (α(qj+1 − qj))
− sin (α(qj − qj−1))
)
+ sin qj = 0.
(2)
Introducing the complex variables given by
Ψj =
1√
2
(
1√
ω
dqj
dt
+ i
√
ωqj)
qj =
−i√
2ω
(Ψj −Ψ∗j),
dqj
dt
=
√
ω
2
(Ψj +Ψ
∗
j )
(3)
and substituting those in (2), one can rewrite equation
(2) as
i
dΨj
dt
+
ω
2
(Ψj + cc)
+
1√
2ω
∞∑
k=0
1
(2k + 1)!
(
1
2ω
)k [
(Ψj − cc)2k+1
−β α2k((Ψj+1 −Ψj − cc)2k+1−
(Ψj −Ψj−1 − cc)2k+1
)]
= 0,
(4)
where the nonlinear terms in equation (2) are repre-
sented as the series of their arguments and abbreviation
”cc” corresponds to the complex conjugated functions.
The efficient semi-inverse procedure for dynamic anal-
ysis without any restrictions to the oscillation ampli-
tudes assumes that the considered system admits two
time scales (fast and slow). Corresponding small param-
eter as well as the frequency ω are not present in starting
equations of motion (2) and have to be determined later.
The solution of equation (4) can be represented as fol-
lows:
Ψj = ϕje
iωt (5)
where ϕj is a slow-changing function (the function of
a ”slow” time τ). After substituting (5) into equations
(4), integrating with respect to fast time and providing
absence of the secular terms, one obtains the equations
for the functions ϕj :
i
∂ϕj
∂τ
− ω
2
ϕj +
1√
2ω
J1
(√
2
ω
|ϕj |
)
ϕj
|ϕj |
− β
α
√
2ω
[
J1
(
α
√
2
ω
|ϕj+1 − ϕj |
)
ϕj+1 − ϕj
|ϕj+1 − ϕj |
−J1
(
α
√
2
ω
|ϕj − ϕj−1|
)
ϕj − ϕj−1
|ϕj − ϕj−1|
]
= 0
(6)
where J1 is the Bessel function of the first order.
In spite of complexity of equation (6), one can directly
check that the simple expression
ϕj =
√
Xe−iκj (7)
with the wave number κ = 2pi/N satisfies it, if the fre-
quency ω is the solution of the equation
−ω
2
+
1√
2ωX
[
2
β
α
J1
(
2α
√
2
ω
X sin
κ
2
)
sin
κ
2
+ J1
(√
2
ω
X
)]
= 0
(8)
Taking into account the relationship between the am-
plitude X and real amplitude of pendulum oscillations
Q, which follows from definition (3)
X =
ω
2
Q2
the transcendental equation (8) is converted into ex-
tremely simple expression for the NNMs frequencies
ω2 =
2
Q
(
2
β
α
J1
(
2αQ sin
κ
2
)
sin
κ
2
+ J1 (Q)
)
. (9)
Before study of eigenfrequency (9) one should test the
limit case, which corresponds to the oscillations of a sin-
gle pendulum. Really, if the coupling parameter β = 0,
hamiltonian (1) describes a set of independent pendu-
lums, the oscillation frequency of which depends on the
amplitude Q. In such a case the frequency (9) has the
form:
ω =
√
2
Q
J1(Q) (10)
Equation (10) can be compared with the exact oscilla-
tion frequency of pendulum:
ωe =
pi sin (Q/2)
2F
(
Q/2, 1/ sin2(Q/2)
) (11)
where F is the elliptic integral of the first kind.
One can see from figure 1 that the agreement is excel-
lent for all amplitudes up to Q ≃ 3pi/4.
The reason of the frequencies divergence is understand-
able: when the oscillation amplitude Q approaches to
maximum value Q ∼ pi, the period of oscillation en-
larges and the semi- inverse procedure (5, 6) is not self-
consistent because of closing of two time scales.
Equation (9) describes the NNM ”zone” structure, i.e.
the dispersion ratio, for the chain of harmonically cou-
pled pendulums at the arbitrary oscillation amplitude
(excluding a vicinity of the ”rotation limit” Q = pi).
One should note that the ”long wavelength” limit of
equation (9) is not different from the classic FK model
with a parabolic potential of inter-pendulum interactions
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FIG. 1. (Color online) Comparison of pendulum’s oscillation
frequencies accordingly to eqs (10) (black curve), (11) (red
dot-dashed) and to numerical simulation (blue points). The
dashed curves show the zone structure for the FK chain with
20 pendulums. The coupling parameter β = 0.25.
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FIG. 2. (Color online) The zone structure for the SL chain
with 100 pendulums under periodic boundary conditions.
Light blue curve and the light brown correspond to the zone
bounding uniform and pi-modes, respectively. Only each 5-
th dispersion curve is shown in order to discern the separate
curves. The coupling parameters β = 0.25, α = 1.2.
V ∼ β(qj+1−qj)2. Really, considering the wave number κ
as a small value, one can expand the Bessel function into
power series. The first term turns out to be 2αQ sinκ/2
and the respective eigenfrequency (9) is written as fol-
lows:
ω2 = 2
(
1
Q
J1 (Q) + 2 β sin
2 κ
2
)
(12)
Figure 1 shows the zone structure for the FK chain
with 20 particles under periodic boundary conditions.
The low frequency zone bounding mode corresponds to
the uniform oscillations of the chain or to the oscillations
of the single pendulum (10), while the high-frequency
bounding mode corresponds to the out-of-phase pendu-
lum oscillations (”pi−mode). The zone width does not
depend on the oscillation amplitude and the number of
pendulums. Only the gap value between different modes
is the function of the length of the chain and the wave
number.
Figure 2 shows the zone structure for the harmonically
coupled pendulums.
The comparison of figures 1 and 2 show a cardinal dis-
tinction between them. Firstly, the width of the SL zone
depends on the oscillation amplitude. It is more impor-
tant that the dispersion relation at a fixed amplitude
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FIG. 3. (Color online) The comparison of the dispersion re-
lations for the SL chain with 100 pendulums at the different
oscillation amplitudes: black, red and blue points correspond
to the amplitudes Q = pi/10, Q = 7pi/10 and Q = 9pi/10, re-
spectively. The relative frequencies ω/ω0 (ω0 is the frequency
of the uniform modes) are shown. The potential parameters:
β = 0.25, α = 1.2.
FIG. 4. (Color online) Fourier spectra of the oscillations of SL
chain with 8 pendulums. Left panel shows the frequencies of
the normal mode with κ = 0, 3pi/4, pi (solid black, dot-dashed
red and dashed blue lines, respectively) at the amplitude Q =
pi/10. Right panel - the same as left one at the amplitude
Q = 9pi/10. The potential parameters: β = 0.25, α = 1.2
Q ≥ pi/2 (the threshold value depends on the parame-
ters α and β) is a non-monotonic function of the wave
number. As a result, the frequency of the zone bound-
ing pi-mode turns out to be smaller than the frequency
of the uniform mode for large Q. In such a case the
multiple resonances occur in the vicinity of right edge
of the spectrum, and the existence of them is defined by
non-monotonic character of the dispersion relation rather
than by the length of the chain. Figure 3 shows the dis-
persion relation for SL chain with 100 pendulums and
the oscillation amplitude Q = pi/10 in comparison with
the same for Q = 9pi/10.
The structure of the NNMs zone for the SL chain has
been checked by the direct numerical integration of equa-
tions (2).
Figure 4 allows to compare the positions of the zone
bounding modes and some intermediate one. One can
see, that the mutual positions of the modes correspond
to the dispersion relations that are shown in figure 3.
CONCLUSION
The study of normal modes of the SL chains revealed
that the high amplitude oscillations of harmonically cou-
4pled pendulums possess non-trivial dispersion relation,
when the normal modes with higher wave numbers corre-
spond to smaller oscillation frequencies. This peculiarity
of the SL chain is not a consequence of the chain dis-
creteness only, but is specified mainly by the type of the
inter-pendulum potential. It is important that this prop-
erty is not preserved in the continuum limit of the dy-
namical equation, which is the well-known sine-Gordon
one. The analytical semi-inverse approach with using the
multiple scale procedure turns out to be very efficient for
the investigation of different types of nonlinear lattices.
In this connection we would like to refine the origin and
the value of the small parameter, which allows to sep-
arate the time scales. The natural small parameter in
the problem considered above is the value of the gap be-
tween the frequencies of neighbour NNMs. As it follows
from equation (9) its value is provided by β sin2 κ/2. In
spite of the fact that this parameter did not appear ev-
idently, only its existence allows us to develop equation
(6). In particular, the equations in the terms of the com-
plex amplitudes, which are similar to equation (6), allow
to study the nonlinear normal mode interaction (see, e.g.
[17–20]), that opens a wide possibilities for the analy-
sis of the nonlinear systems in the various fields of the
physics. For example, the lattice with a wide class of
nonlinear on-site as well as inter-site potentials may be
easily analysed in the framework of this method. On the
other side, the weakly coupled small systems may stud-
ied, if the coupling parameter of is assumed to be small
enough [16].
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